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Abstract. It is well-known that the class of piecewise smooth curves together with a smooth 
Riemannian metric induces a metric space structure on a manifold. In this paper we study 
more general length structures on manifolds that are equipped with Riemannian metrics of low 
regularity. In the first part of the paper we generalize the length structure and prove that the 
class of absolutely continuous curves induces the standard metric space structure. Moreover, it 
is shown that the arc-length of absolutely continuous curves is the same as the length induced by 
the metric. In the second part of the paper we approximate continuous Riemannian metrics by 
smooth ones and use metric geometric techniques to generalize these results to the low-regularity 
situation. 

1. Introduction 

A Riemannian metric on a manifold is needed when considering geometric notions such as 
lengths of curves, angles, curvature and volumes. For several of these notions it is sufficient 
to work with the underlying metric space structure induced by the Riemannian metric and a 
length structure. In this paper we identify the optimal length structure on Riemannian manifolds 
compatible with the usual metric space structure as the class of absolutely continuous curves 
and subsequently use metric geometric techniques to study the length structure of Riemannian 
manifolds of low regularity By low regularity we think of Riemannian metrics of regularity less 
than C ' , for which the notions of geodesic equation, exponential map etc. are not classically 
meaningful. 

Low-regularity Riemannian manifolds have already been studied in the literature, particularly 
in the context of metric geometry. A sequence of closed connected n-dimensional Riemannian 
manifolds (Af,),; with sectional curvature bounded from below and diameter bounded from above 
is known to have a subsequence (with respect to the Gromov-Hausdorff distance) converging to 
a metric space M, more precisely, an Alexandrov space with the same lower curvature bound [S]. 
Otsu and Shioya |13j showed that an ri-dimcnsional Alexandrov space X inherits a C°-Riemannian 
structure on X \ Sx, where Sx denotes the set of singular points in X. Whenever X contains 
no singular points then it is an ordinary C°-Ricmannian manifold. Earlier Berestovskh already 
showed that locally compact length spaces with curvature bounded from above and below and 
on which shortest paths can be extended locally are (^-manifolds with a continuous Riemannian 
metric. This result was improved to show Holder continuity C > a (for < a < 1) of the metric 
components by Nikolaev using parallel translation (for both results see, e.g., [T]). Approximations 
of such length spaces with curvature bounds by smooth Riemannian manifolds satisfying sectional 
curvature bounds in aggregate allow one to carry certain results of Riemannian geometry in large 
over to the metric situation [12]. 

With these results in mind we focus in this paper on manifolds with continuous Riemannian 
metrics, however, we do not impose any curvature bounds. The aim is to present results that 
can be formulated using only the length structure of Riemannian manifolds. We first consider 
manifolds with smooth Riemannian metrics and then carry the results over to continuous Rie- 
mannian metrics. An additional goal is to fill a gap in the literature regarding equivalence of 
length structures defined on Riemannian manifolds. In particular, we investigate in detail the 
metric space structure induced by the class of absolutely continuous curves giving formal proofs 
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of several results that seem to be generally accepted but for which complete proofs do not exist 
in the literature. 

The paper is organized as follows. In Section [2] we initiate our investigations by studying 
the length structure of manifolds equipped with smooth Riemannian metrics. We recall that 
the induced length Ld is equal to the arc-length L of curves in the standard setting where the 
exponential map plays an important role. In Section [3j we extend this result to the class „4 ac 
of absolutely continuous curves. We introduce the so-called variational topology on the class of 
absolutely continuous paths and show that in this topology the piecewise smooth paths are a dense 
subset. This implies that the class of absolutely continuous curves defines the same length structure 
as the class of piecewise smooth curves. For the sake of completeness we also show the equivalence 
of various notions of absolutely continuous curves on Riemannian manifolds used in different 
contexts in the literature. Finally, in Section 21 we consider manifolds with Riemannian metrics 
of low regularity. We focus here on manifolds that are equipped with a continuous Riemannian 
metric and whose induced metric therefore still induces the manifold topology. We show that the 
metric space structure of a manifold induced by a continuous Riemannian metric can be controlled 
by the metric space structure induced by smooth approximations of the Riemannian metric. In 
particular, we use such approximations to prove the equivalence of the metric derivative and the 
analytic derivative. This enables us to prove that L = Ld holds also in the class A ac on any 
manifold with continuous Riemannian metric. 



2. Background 

Let M be a connected smooth manifold endowed with a smooth Riemannian metric <?, i.e. g p 
varies smoothly in p on M. Let us briefly recall the standard construction to assign a metric d 
to M via g. The class of piecewise smooth curves (with monotonous reparametrizations) on M is 
denoted by Aoo- The length of a piecewise smooth curv «0 7 : [0,1]^ M is defined by 

m~ [ \W(t)\\ g dt, (2.i) 



where \\v\\ g = \J g p (v, v) denotes the norm of v G T p M with respect to g. The triple (M, Aoo,L) 
defines a length structure on the topological space M. The intrinsic metric (or distance function) 
d = d(g,Aoc, L) is assigned to M by setting 

d(p,«):=inf{i(7)|7GAx„7(0)=P,7(l)=9}, P,q€M. (2.2) 

It is a standard result from Riemannian geometry that (M, d) defines a metric space structure on 
M that induces the manifold topology. More precisely, {M, d) is a length space, i.e. a metric space 
with intrinsic metric. 

Given an intrinsic metric d it is generally not possible to uniquely reconstruct from knowledge of 
d alone the length structure from which it was derived. However, there is a natural way to associate 
a length structure Ld to a given metric d, namely by approximating paths by "polygons" . 

Definition 2.1. Let (X, d) be a metric space and 7: [0, 1] — > X a (continuous) path in X. Then 

n 

L d (n) := sup { J2 <*(7(<i-i), 7(*i)) |neN,0 = t <fi<...<*n = l} (2-3) 

i=l 

is called the induced length of 7. 

A length structure on any metric space (X, d) is therefore obtained by considering the class 
Aq of continuous curves and the induced length function Ld. This length structure gives rise 
to another metric d, the intrinsic metric d(X, Aq, Ld), which is defined analogously to (|2.2[) . In 
general, d and d do not induce the same topology (for examples see Ch. 1] and Sec. 2.3.3]). 
If we start out with a length space (X,d), it is therefore interesting to ask under whether the 



lr To increase readability, we always assume that an arbitrary path 7 : [a,b]—>-M is reparametrized in a way that 
= and 6=1. 
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original length structure L and the induced length structure L d coincide. If L and L d coincide 
wherever L is defined, then L d serves as a natural extension of L to Ao- 

Theorem 2.2. Let M be a connected manifold with smooth Riemannian metric g. Then 

L(7) = L d ( 7 ), 76^00. 

Proof. (L d < L) This is true for any length space, by definition of L d , d and the additivity of L. 

(L < Ld) Let 7: [0, 1] — > M and t G (0, 1) such that 7'(t) exists. The exponential map exp 7 ( t ) 
defines a diffcomorphism on a neighborhood U of j(t). Let 5 > such that j([t — S, t + 5]) C U. 
Then, 



id( 7 (i),7(i + <5)) = - s |exp- 1 t) ( 7 (i + ( S))|| g = 1 exp-^M* + <*)) 



and the metric derivative of 7 satisfies 

d( 7 (t), 7 ft + ^)) 

hm - 

<5->o+ 




- ^-^(t + 6)) 



9-i{t) 



S-y(t) 



3-i(t) 



Moreover, 



-d( 7 (t) n (t + 6)) <-L d ( 7 \ [ttt+s] ) < - 



t+s 



\W(s)\L M ds 



(2.4) 
(2.5) 

as 5 tends to 0. 



by the first part of the proof. Both sides of this inequality converge to ||7'(i)||g 7(t) 
Similarly for t — 8. Note that the intermediate term in (|2.5|) may be written as j L d { 7 \^ tt+ ^) 
I (Ld(j\[o.t+s]) — Ld{l\[o,t])) ■ Thus for almost all t G (0, 1) we obtain that 

^M7l[o, t ]) = IIVWIUm- 

The fundamental theorem of calculus therefore yields 

L d (~f) = L d (i) - L d ( 7 \ m ) = J j t L d ( 7 \ m )dt = J \W{t)\\ g ^ t) dt = L{ 7 ). 
=0 

Corollary 2.3. Under the assumptions of Theorem \2.2[ 

d = d, 

where d = d{M,Aoo,L d ) is the induced intrinsic metric on M. 



□ 



□ 



3. More general classes of curves on manifolds with smooth Riemannian metrics 

Let [M, g) again be a connected smooth Riemannian manifold, and d be the distance function 
induced by the class Aoo of piecewise smooth curves on M . By Theorem l2.2[ the length of piecewisc 
smooth curves 7 is given by 

£(7) = L d (j). 

Note that the right hand side of this equation is well-defined for larger classes of curves, indeed 
L d { 7 ) makes sense for continuous curves 7 on M . We are therefore interested to also understand 
the left hand side in more general cases. In particular, we ask for what maximal class B of curves 
is £(7) well-defined and equal to L d { 7 ). We will see that B is the class of absolutely continuous 
curves on M, and that the metric induced by B satisfies d(g, B, L) — d(g, Aoo, L). 
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3.1. Rectifiable curves. A continuous path 7: / — > M is called rectifiable (or of bounded vari- 
ation) if Ld(j) < 00. We denote the class of rectifiable curves by A rac . 

For M = K these curves are functions of bounded (pointwisc) variation and usually are denoted 
by BV(I). Each 7 g BV(I) is diffcrcntiable a.e. in / and satisfies 

L{l) = J |V(t)| dt < Var/(7) - L d ( 7 ), 

with equality if and only if 7 is absolutely continuous on /. Absolutely continuous functions satisfy 
the fundamental theorem of calculus, which was also required in the proof of Theorem 12.21 Thus, 
the class of absolutely continuous curves is a natural candidate for B. 

Example 3.1. The Cantor function V illustrates that absolute continuity is really necessary. 
Namely, the graph 7 = (id, T) of the Cantor function is a continuous function of bounded variation 
(and hence differentiable a.e. with j'(t) = (1,0)), but satisfies 

L{l) = / \l'(t)\dt = 1^2 = Var [0 ,i](7) = L d {i). 
Jo 

3.2. Absolutely continuous curves. The importance of absolutely continuous functions for 
geometric questions has already been discovered in the second half of the last century (see 
[UJ[T5] and others). There are various ways to define absolutely continuous curves on R, normed 
spaces, and metric spaces in general. We will confine ourselves to the most convenient definition 
for differentiable manifolds, and prove the equivalence to other notions on smooth Riemannian 
manifolds at the end of this section. Our notion of absolute continuity stems from the standard 
notion for real- valued functions and a generalization to Banach space- valued functions (7j [10] . 

Definition 3.2. Let J C 1 be an interval (or an open set). A function /: J — > R™ is said to be 
absolutely continuous on / (for short, AC on /) if for all e > there exists S > 0, such that for any 
m G N and any selection of disjoint intervals {(a^, &i)li=i with [a i} bi] C /, whose overall length is 
Yh= 1 \bi-at\ <8, f satisfies 

m 

£l/(&0-/(a<)l 
i=i 

where | . | (without subindex) denotes the standard Euclidean norm on R" . 

If / : I — > R™ is absolutely continuous on all closed subintervals [a, b] C J, then it is called locally 
absolutely continuous on I. The spaces of AC functions and locally AC functions are denoted by 
AC(I,R n ) and AQ oc (I,R n ), respectively 

Note that AC(I,W l ) = AC loc (J,R") if I is a closed interval. The function f(x) = ±, however, 
is locally absolutely continuous but not absolutely continuous on (0, 1). 

Definition 3.3. Let / C R be a closed interval and M be a connected manifold. A path 7 : / — > M 
is called absolutely continuous on M if for any chart (it, U) of M the composition 

u o 7: 7 _1 (7(J) n U) -> u(U) C R" 

is locally absolutely continuous. 

The class of absolutely continuous curves on M (with monotonous reparamctrizations) is de- 
noted by A ac - 

We show that Definitions 13.21 and 13.31 coincide on R n . 

Proposition 3.4. If M = 1", then the notions of absolutely continuous curves in \ 3.2\ and \3.3\ 
coincide, i.e. AC(R n ) =A ac (R n ). 

Proof. (AC C A ac ) Suppose 7 £ AC(I,M. n ), and let (u,U) be a chart. Since u is smooth it is 
locally Lipschitz and hence u o 7 is locally absolutely continuous. 

(Aac Q AC) Let 7 G Aac and {(u i} Ui)}i be a set of charts that cover j(I) C R n . By definition, 
all concatenations Uj 7l 7 -i( 7 (/) n ;7 ) are locally absolutely continuous. Again, u" 1 being locally 
Lipschitz implies that ji := 7l 7 -i( 7 mni7 4 ) = u 7 1 u i 7 as functions from 7~ 1 (7(/) n Ui) C J to 
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R n are (componentwise) locally absolutely continuous. Therefore, 7 £ AC(7,R n ) by Lemma [ 
below. □ 

Lemma 3.5. Let I Cl be a closed interval, /: 7 — > K n be a function and J = {J{}i be an open 
cover of I . If all /|j are locally absolutely continuous, then f is absolutely continuous on I in the 
sense of DeHnition \3.^ 

Proof. Without loss of generality we may assume that n = 1, i.e. /: 7 — » K, and that J consists 
of finitely many open intervals Jj of 7 (i = 1, . . . , N). There exists a smooth partition of unity, 
{Xi}fcLi> subordinate to J . For each i, in particular, \i is Lipschitz continuous and hence the 
product Xif absolutely continuous on 7. Therefore, 7 = Xif i s absolutely continuous as 

well. □ 

Corollary 3.6. Let f: I — > M. n . Then f is absolutely continuous if and only if f\ } is locally 
absolutely continuous for any open subset J C 7. □ 

As in the case of real-valued AC functions, the standard arc-length 7(7) of absolutely contin- 
uous curves 7 as defined in (|2.1j) is well-defined on manifolds with smooth (or even continuous) 
Riemannian metrics. 

Proposition 3.7. Let M be a connected manifold equipped with a continuou^ Riemannian metric 
g. For any absolutely continuous path 7: [0, 1] — > M the derivative 7' exists a.e. and Wj'Wg £ 7 1 (7). 
In particular, 

Jo 

is a well-defined length of 7 £ A ac - 

In fact, Proposition 13.71 also holds for 7°° Riemannian metrics, but we will not consider such 
metrics in this paper. 

Proof. Let (u, U) be a chart on M, u = (x 1 , . . . , x n ). By Dcfinition l3.31 each x l oj: RD 7 _1 (7(7)0 
U) M is locally absolutely continuous. Therefore, all (2^07)' exist a.e. and are locally integrable. 
Thus 

d(x % o 7) d(x^ o 7) V 2 



n 



dt dt 

1,3 

is well-defined and integrable. □ 

Corollary 3.8. Let M be a connected manifold equipped with a smooth Riemannian metric g. If 
7 £ Aa. c , then 

rf(7W7 ( t + .)) 

<5->0 |0| 

Proof. This follows from (|2.4[) by using the exponential map exp 7 ^ in the beginning of the second 
part of the proof for Theorem 12.21 □ 

The equivalence of the "metric" derivative on the left hand side of (|3.ip and the analytic 
derivative on the right hand side will be a crucial step when considering Riemannian metrics of 
low regularity where the exponential map is not available. 



For the first part of the paper, it is sufficient to consider smooth Riemannian metrics g. However, some of the 
arguments also hold in the more general case of Riemannian metrics that depend only continuously on the points 
of the manifold and which arc considered in detail in Section [4] 
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3.3. Piecewise smooth vs. absolutely continuous curves. We prove that £^(7) = £(7) also 
holds for curves 7 G A ac - The main steps of our approach are to firstly introduce a new metric 
on the space A ac and secondly show that Aoc is dense in A ac with respect to this "variational 
topology" on A ac . The distance between paths used in our approach below is similar to the 
distance used in , which includes an extra energy term. The denseness of Aoo in -4ac in turn 
implies that the intrinsic metric d ac = d(M, A ac , L) associated to the class of absolutely continuous 
curves, 

d ac (p,g):=inf{ J L(7)|7GAc,7(0)=p ! 7(l) = ?}, M^M, (3.2) 
is identical to the standard intrinsic metric d as defined in (|2.2j) . As a result we obtain an extension 
of Theorem 12.21 for absolutely continuous curves. 

Definition 3.9. Let M be a connected manifold with continuous Riemannian metric g and induced 
metric d (|2.2[) . The variational metric on the class of absolutely continuous paths is defined by 

D ac (7,(r):=8upd(7(t),tr(t))+ / | \h'(t)\\g ~ h'(t)\\g\ (3-3) 
tei J 1 

for 7, a: I — > M absolutely continuous paths. 

Since (M, d) is a metric spactQ, so is (^4 ac (M), Dac)- We call the topology on A ac induced by 
D ac the variational topology of A ac - 

Whenever (M,d) is complete, then (A ac (M), D ac ) is a complete metric space, too. A proof for 
this is given later in Section 13.51 

Lemma 3.10. Let M be a connected manifold with continuous Riemannian metric. The length 
functional L : A ac — > K is Lipschitz continuous with respect to D ac . 

Proof. For 7, c G A ac . 



\m-L{a)\ = 




Theorem 3.11. Let M be a connected manifold with continuous Riemannian metric g. Then the 
class Aqo of piecewise smooth curves is dense in the class A ac of absolutely continuous curves with 
respect to the variational topology defined in \3.9\ 

The idea of the proof is straightforward, but the proof itself is lengthy and technical. On a finite 
number of chart neighborhoods one approximates the absolutely continuous curve by piecewise 
smooth curves generated by convolution with mollifiers. Since the end points then do not coincide 
with the end points of the initial curve, they have to be joined up in a suitable way (namely by 
sufficiently short curves). 

Proof. Let 7 : [0, 1] — > M a curve in A ac . We may cover the image of the curve by finitely many 
charts (ui, Ui) and assume without loss of generality that each Ui(Ui) is convex in R" and Ui CC M. 
Since the set |J- {/, is compact in M, the Riemannian norm can be estimated by a multiple of 
the Euclidean norm |.| (see proof of Proposition ^. Without loss of generality, we consider them 
equal in all computations. Furthermore, we pick a partition = to < t\ < ••• < — 1 of [0, 1] 
such that the image of 7|j t . i t .j is contained in one chart (v,i, Ui), u = (x , x n ). We consider a 
fixed interval [tj—i, tj] and omit the index i from now on. 

Let 77 > 0. Since 7 is absolutely continuous, ||7'|| ff is in L\ oc by Proposition 13.71 By the 
fundamental theorem of calculus for absolutely continuous functions, and continuity of 7, there 
exists 6 G (0, \ \tj — tj-i\) such that both 

sup d(7(s),7(i)) < sup / ||7'|| s < 77 (3.4a) 

8,t£[tj—l,tj] S,tG[tj-l,tj] J s 

\a-t\<26 |»— 1|<24 

sup |«(7(*))-«(7(<))l<»»- (3.4b) 

s,iG[tj_i,*3] 
|s-i|<25 



'For continuous Riemannian metrics, this is shown in Proposition 14. II below. 
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By convolution with a mollificr p we obtain a componentwise regularization of u o 7|[j._ 1) t.]. 

Thus for sufficiently small e > the smooth approximation 7 e := u^ 1 ((u 07)* p e ) g Aoo on 
[tj-_i,fj] satisfies 

sup |tt(7(i))-tt(7 e (t))|<r? (3.5a) 

te[tj-i,tj] 

|(uo7 e )'- (uo7)'| £1([tj _ ijt;f]) <ri (3.5b) 

and thus on M 

sup d(7(i),7e(*)) < 77 (3.6a) 

tG[*i-i,ij] 

^ Ill7'l| ff -Il7sy <r?- (3.6b) 

Since u({7) is a convex subset of M. n we can join the points ui^itj-i)) and u{^ e {tj-\ + 6)) by a 
straight line £7-1 in u(U): 



: [ij-i,^-! +5] -> u(Z7) C M", 
*>i-i(*) = «(7(*i-i)) + («(7e(*i-i + <*)) - «(7(*J-i))) 



Similarly we obtain a straight line fij that connects u(%(tj — S)) to u(^(tj)). These straight 
lines are mapped to (smooth) curves Vj-i and p,j in M by pulling back z>j_i and jlj with u -1 , 
respectively. 

Let us compute the lengths of Vj-x and fj,j. We estimate 



IK-- 1 (*)ll ff = l^-i(*)l 



7(«(7s(*i-i + *))-«(7(*3-i))) 



< J(|«(7 e (*i-i + *)) - «(7fe--l + *))! + I«(7(*i-i + <*)) - «(7(*i-i))|) < A 
- v / s w / 

< rj < 77 

for e sufficiently small by J3.5at for 5 sufficiently small by ]3.4bt 



Therefore, 

Lfa-i) = £' ^ H-i(t)\\ 9 dt < «| = 2r7, (3-7) 

and, in a similar fashion, L(fj,j) < 2r\. 

Each point on z^_i(i) and fij(t) is less than 3?y away from the corresponding point j(t) on 7. 
For example, by (|3.4a[) and (|3 . T[) we obtain for t e [tj-i, tj-i + 5], 

<i(7W>«,--iW) <d(7(*),7(*j-i))+<*(7(*j-i) < 77 + 277 = 377. (3.8) 

ff_i(tf_i) 

Furthermore we can control the length difference of 7 and 17-1 by (|3.4a[) and (|3.7I) 

1+5 |ll7'!l 9 -H^-i!l s | < 1+5 ||7'll 9 + r 1+ V^ill 9 <^ + 2 ? ? = 37 ? . (3.9) 

The same procedure is applied to all iV subintervals [£j_i,fj] of [0,1]. We choose 5 and e 
sufficiently small so that the above estimates hold on all subintervals. Summing up, we have 
approximated 7 on all of [0, 1] by a new path A,,, defined by 

|Vi(f) te + 
V*) := < TeW * e fe-i + - *] ( 3 - 10 ) 
L,-(t) t e [t 3 - - <Mj]- 
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Indeed. 

^ ac ( 7 ,A,,) = sup d( 1 (t) 7 X, 1 (t))+ f HIVII - HA;!!) < 10N V (3.11) 
tefo.i] Jo 

by t3^3 and EHJ b y @23 and 

for any 77 > (where iV is the finite number of open subintervals necessary to cover [0, 1] and 
hence 7QO, 1]) by convex neighborhoods). □ 

Remark 3.12. In the case of smooth Riemannian manifolds, the proof of Theorem 13.111 can be 
simplified. There, one may cover 7([0, 1]) by a finite number of geodcsically convex chart neigh- 
borhoods. The approximative curves r y £ are constructed just as in the proof of Theorem 13. Ill 
but for the joining curves Vj—i and /ij one may simply use radial geodesies that minimize the 
distance between two points in a chart neighborhood. Thus any absolutely continuous path can 
be approximated by a sequence of piecewise smooth paths. 

Corollary 3.13. Let M be a connected manifold with continuous Riemannian metric g and with 
induced distance functions d and d ac as defined in (|2.2[) and (|3.2[) , respectively. Then d = d a 



Proof. Since Aoo C A ac , it is clear that d ac < d. On the other hand, d < d ac follows from the 
denseness of Aoo in A ac with respect to the variational topology. □ 

The equality of the induced distance functions d and d ac is crucial for answering two questions. 
We will see that this implies the extension of Theorem 12.21 to the set A ac (see Section I3.4[) . More- 
over, we can prove that various notions of absolutely continuous curves on Riemannian manifolds 
are in fact equal (see Section I331 below) . 

3.4. Length structure with respect to absolutely continuous curves. 

Lemma 3.14. Let M be a manifold with continuous Riemannian metric g and let 7: [0, 1] — > M 
be absolutely continuous. Then the function 1 i— >• £d(7|[o,t]) * s absolutely continuous on [0, 1]. 

Proof. Let e > and let {(U,U+i)}^L be disjoint intervals of [0, 1]. Recall that the length Ld(j) 
of an absolutely continuous curve 7 is defined as the variation of 7 with respect to d = d ac (see 
Definition (pO])). Since L d (j\ [Uytt+l] ) < f* i+1 \\j'\\ g it follows that 



N N 

\ L d(l\[0,U+i]) - L d(l\[0,U])\ < 
i=0 i=0 



117%- / hX 







The function F(t) := L \\y\\ g is absolutely continuous on [0, 1]. Thus if the partition {(tj, < i+ i)}^ =0 

satisfies £)i=o \U - < S, then Yli=o _ < £ - Consequently, t ^ L d (7|[o,t]) is 

absolutely continuous as well. □ 

We are now in a position to prove one of the main results in this section. 

Theorem 3.15. Let (M,g) be a connected smooth Riemannian manifold. Then 

L( 7 ) = L d (j), 7 G A ac . 

Proof. For 7 : [0, 1] — > M a piecewise smooth curve this is Theorem 12.21 For 7 E A ac \ A we have 
to make some minor adjustments to the proof of Theorem 12.21 
(Ld < L) is always true since d = d ac by Corollary 13. 131 

(L < Ld) For all t G (0, 1) such that j'(t) exists (hence almost everywhere), we also obtain 

f t L d (7\ l a,t]) = \W(t)\\ g . 

By Lemma 13.141 L d is absolutely continuous, and therefore we can also apply the fundamental 
theorem of calculus which yields 

b d ,6 



L d (7)= I j t Ld(l\m)dt= I \\ 1 '(t)\\ g dt = L( 1 ). □ 
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3.5. Absolutely continuous curves revisited. We have seen that the set of absolutely contin- 
uous curves A ac induces the same metric structure on a Riemannian manifold (M, g) as the set of 
piccewise smooth curves Aoa- Recall that absolute continuity in Definition 13 .31 was defined locally, 
in particular, without using the Riemannian or induced metric space structure. We will now see 
that, since the equality of the length spaces (M, d) and (M, d a c) has been shown in Corollary 13. 131 
the definition of absolute continuity used above coincides with the general metric space definition 
as well as the measure theoretic approach for absolute continuity as, for example, used in [21 Ho]. 

Definition 3.16. Let I C K be an interval and (X, d) be a metric space. A path 7: / — >• X is 
called metric absolutely continuous if for all e > there is a 5 > so that for any n € N and any 
selection of disjoint intervals {ai,bi}f =1 with [oi,6j] C / whose length satisfies Yl7=i fit ~ a i\ < $i 
7 satisfies 

n 

5^d(7(oi),7(6i)) < £■ 

i=l 

The class of metric absolutely continuous curves on X is denoted by S ac . 

Definition 3.17. Let I C K be an interval and (X, d) be a metric space. A path 7 : I — > X is called 
measure absolutely continuous if there exists a function I <= L 1 ^) such that for all intermediate 
times a < b in /, 

d(7(a)Mb)) < fl{t)dt. 

The class of measure absolutely continuous curves on X is denoted by C ac . 

Note that we usually consider / to be a closed interval, and thus do not have to distinguish 
between local and global concepts of absolute continuity. 

Proposition 3.18. Let M be a connected manifold with continuous Riemannian metric g and 
with distance function d induced by the admissible class Aco of piecewise smooth curves. Then all 
three notions of absolute continuity coincide, 

A&c ^ac ^ac • 

Proof. (C ac C S ac ) Let 7: [0,1] M be a path in C ac and I G L 1 ([0,1]) as in Definition EHH 
ThenF(s): = j° l{t) dt is an absolutely continuous function in R and therefore, for any subinterval 
[a, 6] C [0, 1], by Definition ET71 

d(7(a),7(&))< f l{t)dt<\F{b)-F{a)\. 

(Sac _! A&c) Let 7 € Sac and (u, U) be any chart on M. Since u is a diffeomorphism, it is 
Lipschitz on any set 7([a, b]) C U. Thus 

|«(7(6))-«(7(o))|<Cd( 7 (o) J 7(6)) 

for some constant C > 0. Since 7 is absolutely continuous with respect to the induced metric d, 
u o 7 is locally absolutely continuous with respect to the Euclidean norm | . | . 

{A ac Q C ac ) For 7 £ A ac , consider I: = \\-f'\\ g £ L 1 (see Proposition 13. 7[) . Since d = d ac by 
Corollary I3.13| it follows that for any a < b in [0, 1], 

<*(7(a),7(*0) < fl{t)dt. □ 

We are now in a position to prove completeness of the metric space (Aa C {M), D ac ) introduced 
above. 

Proposition 3.19. Let M be a connected manifold with a continuous Riemannian metric g. If 
(M,d) is complete as a metric space, then so is the space Aac(M) of absolutely continuous paths 
together with the variational metric D ac introduced in Definition \3.9\ 



in 
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Proof. Since (M,d) is a metric space, so is {A ac (M), D ac ). Suppose (j n )n is a Cauchy sequence 
of absolutely continuous paths 7„ : / — > M with respect to the variational topology given by D ac . 
Since (M, d) is complete and because of uniform convergence of continuous curves, the pointwisc 
defined limit 

j(t) := lim 7„(t) 

n—t-oo 

is a continuous curve in M . Moreover, for any a, b G I, 

rb rb 

d( 7 (a), 7 (6))= lim d( 7n (a), 7 „(6)) < lim / \\j' n (t)\\ g dt = / lim \\i n {t)\\ g dt, 

J a J a 

thus by Definition 13.171 with I = linin^oo ||7^|| s G ^(1) the limiting curve 7 is absolutely contin- 
uous. □ 

3.6. Relations between classes of curves. Let A\ and Aq denote the class of piecewise C 1 and 
continuous curves, respectively, and let „4i; p denote the class of Lipschitz curves and Ah 1 the class 
of H 1 curves (see, e.g., [332 Sec. 2.3]). On any diffcrcntiablc manifold, the following inclusions 
hold 

Ax, c Ai c A Vl p c ^1 c A ac c Aoc c .4 - 

We have seen that the class A ac of absolutely continuous curves on a Riemannian manifold induce 
the same metric space structure as Aoa, thus so do Ai, An p and Ah 1 - In fact, by (21 Lem. 1.1.4], 
absolutely continuous curves are just Lipschitz curves if one uses reparametrizations that are 
increasing and absolutely continuous. The length of rectifiable curves A lec and continuous curves 
Ao can only be defined if a metric space structure is already present, since the arc- length definition 
is not meaningful in this setting (recall Example 13.11) . 



4. Manifolds with continuous Riemannian metrics 

In Proposition 13. 71 we proved that the arc- length of absolutely continuous curves is well-defined 
even if the Remannian metric g is only continuous (or even L°°). In this case, however, we do 
not have the usual tools of Remannian geometry at hand, e.g. geodesic equations, the exponential 
map, curvature and so on. Despite this handicap we will see that the metric space structure of 
such Riemannian manifolds of low regularity is not so different from those of smooth Riemannian 
manifolds. By gathering and introducing new tools, we will also sec that Theorem 12.21 holds in 
the low-regularity situation. 

Throughout we call any pointwisc defined positive definite, symmetric (0, 2)-tensor field g on 
a diffcrcntiablc connected manifold M a Riemannian metric. In other words, g should be seen 
as a positive definite symmetric tensor field that is not necessarily smooth. Moreover, we assume 
that the arc-length £(7) for 7 £ Aoo is well-defined for g. We will motivate why continuity of g is 
desirable. 

4.1. Metric space structure. Suppose that g is a Riemannian metric of low regularity. Let ^4 ac , 
L and d = d(g,A ac ,L) be defined as in Section [2j The triple (Af, A acl L) should define a length 
structure on M and induce a metric d on M . From Definition (|2.2[) we immediately deduce that d 
is symmetric, nonnegative and satisfies the triangle inequality Thus d is a pseudo-metric on M. 
Continuity of the Riemannian metric implies more. 

Proposition 4.1. Let M be a connected manifold with continuous Riemannian metric g. The 
following properties hold: 

(i) (M, A^c, L) is an admissible length structure on M , that is, the length of paths is additive, 
continuous on segments, invariant under reparametrizations and agrees with the topology 
on M in the sense that for a neighborhood U of a point p the length of paths connecting 
p with the complement of U is bounded away from 0. 

(ii) The distance function d as defined in (|2.2|) induces the manifold topology on M . 

In particular, (M, d) is a length space. 
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Proof, (i) The class *A ac of absolutely continuous paths is closed under restrictions, concatenations 
and monotonous reparametrizations. The length L of paths, 

Hi) = Jh'h: 7 6 Ac, 

is additive, continuous on segments and invariant under reparametrizations. 

It remains to be shown that the length structure is compatible with the topology on M. Let 
p £ M and (u,U) be a chart of M at p with u(p) = 0, u = (x 1 , x n ). Pick r > such that 
K := B r (0) = {x £ K™ | |x| < r} C u{U). The Euclidean metric with respect to U is given by 

c-u '■= <% dx 1 <S> dx 3 . 

Both metrics g and ejj are nondegencrate and thus induce isomorphisms TM — > T*M. Let 
rji, ...,r] n denote the (positive) eigenvalues and vi, v n the eigenvectors of the symmetric tensor 
e^ 1 °S> i-e. 

g(Vi, .) = % eu(Vi, .)■ 

By 77,77 we denote the smallest and largest eigenvalues, respectively, and define A, [i: U — >• M + by 
A := y/W) and /1 := ^/n^. Thus for all q £ U, v £ T q M, 

A(q) \\v\\ eu < \\v\\ g < n{q) \\v\\ eu . 

Since g is a continuous Ricmannian metric, the functions A,/i: U — > IR + arc continuous, and thus 
on the compact set K, 

Ao := minA > and (j,q := max/i < 00. 

Therefore, 

Ao HwlUtr < < A*o ||w|U & , v£T p M, P £K. (4.1) 

Let q £ M \ mt(K) be connected to p by a path 7: / —> M. Choose to £ I such that 7(^0) £ 
dK n 7(1) then 

[to tlJl r*o 

0<rA = Ao|(uo7)(to)| < / X \h' (t)\\ eu dt < / \\j'(t)\\ g dt < L ff ( 7 ). 

Jo Jo 

Hence the length of paths connecting 73 with M \ int(K) is bounded away from 0. 

(ii) The calculation in (i) implies that (M, d) is a metric space. A short calculation based on 
(14. ip implies that d — since locally Euclidean — also induces the topology of M (cf. the proof of [Ml 
Ch. 5.3, Thm. 12]). □ 

The following examples further motivate the study of manifolds that are equipped with contin- 
uous Ricmannian metrics. 

Example 4.2. Alcxandrov spaces with curvature bounded from below (and above) are connected 
complete locally compact length spaces with finite Hausdorff dimension that satisfy a triangle com- 
parison condition to obtain a notion of curvature bounds (see, e.g., [HE]). They were introduced 
as generalizations of Riemannian manifolds with sectional curvature bounds by turning Topono- 
gov's theorem into a definition. Otsu and Shioya |13j proved that an n-dimensional Alcxandrov 
space X of curvature bounded from below carries — minus some singular points — a C -Riemannian 
structure. A is a C°-Riemannian manifold in the ordinary sense whenever X contains no singular 
points. 

Example 4.3. A Busemann G-space is a finitely compact metric space with an intrinsic metric, in 
which the conditions of local prolongability of segments and of the nonoverlapping of segments are 
satisfied. Such spaces are geodesically complete. G-spaces satisfying an additional axiom related 
to boundedness of curvature generalize complete Riemannian manifolds of class C k for k > 2. It 
can be shown that they are in fact (^-manifolds with continuous Ricmannian metrics [3]. 

In general, different Riemannian metrics will not induce the same length structure. However, we 
can prove equivalence on compact sets for metrics induced by continuous Riemannian structures. 
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Lemma 4.4. Let M be a compact connected manifold and g and h two continuous Riemannian 
metrics on M . Then there exist constants c, C > such that 

cdh{p,q) < d g {p,q) < Cd h {p,q), P, <7 £ M. 

Proof. By (|4.1[) there exist positive functions Aq,^q and Xq,/j.q on M such that 

^\Hh<^f4\\v\\ g <M\\v\\h. (4.2) 

Compactness of M furthermore implies the existence of length-minimizing curves with respect to 
d g and dh Lem. 1.12], and thus concludes the proof. □ 

The noncompact analogue of Lemma 14. 4j — even on compact subsets — is more involved because 
in the general situation little is known about the existence of (locally) length-minimizing curves. 
We now show that paths whose length approximates the distance d are trapped in certain neigh- 
borhoods U of compact subsets K. There is no need to even assume geodesic completeness. 

Theorem 4.5. Let M be a connected manifold and g and h two continuous Riemannian metrics 
on M . Then on every compact set K in M , there exist constants c, C > such that 

cd h (p,q) < d g (p,q) < C d h (p,q), p,q£ K. 

Proof. We argue by contradiction. Suppose that for all n e N there are p ni q n £ K such that 

d g (p n ,q n ) >nd h (p n ,q„). (4.3) 

By passing on to subsequences we can assume that (p n ) n and (q n ) n convergence to the same 
p 6 K. 

Let us analyze neighborhoods of p. Open balls at p £ M with radius r > with respect to the 
distance function dh induced by the Riemannian metric h will be denoted by 

B' r l (p) :={q€M\d h ( P ,q)<r}. 

Since M is locally compact and, by Proposition ^. 11 dh induces the manifold topology, there exists 



an r > such that B^ Q (p) is compact. Let r = ^ and x, y € B^(p). By definition (|2.2[) . for all 
e € (0, r), there exists a path 7 e : [0, 1] — > M in Ai between x and y such that 

i(7 e ) < d h (x,y) +e. 

These paths 7 e are mapped to the open neighborhood B^ Q {p) of p since for t £ [0, 1], 
dh(p,J s (t)) < d h (p,x) +dh(x,7 e (*)) < d h {p,x) + L h (j £ ) 
< d h (p, x) + d h {x, y) + e < 4r = r 



Continuity of g and h imply that the same inequalities as in (|4.2[) hold on B^ {p). In particular, 
for C = f| > 0, 

d g (x,y) < L g { le ) < CL h ( le ) < Cd h {x,y) + Ce. 
Since C is independent of e as well as x and y, this implies 

d g (x,y) < G d h (x,y), x,yeB?(p). (4.4) 

By construction both sequences (jp n ) n and (q n ) n converge to p and thus, by (|4.4[) , for sufficiently 
large n, 

dg(pn,q n ) < C dh(pn,q n )- 
This contradicts lfl~31 . □ 



Remark 4.6. Theorem 14.51 is a very specific property of Riemannian manifolds. It does not hold 
on arbitrary (compact) metric spaces. For example, on the interval [0, 1] the two metrics 



d\{x,y) = \x-y\ and d 2 (x,y) = y/\x - y\ 

induce the same topology. By inserting x = and y n = — , however, it becomes clear that d\ and 
c?2 are not metrically equivalent since 

,. d 2 {x,y n ) 

n^oo di{X,y n ) 
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4.2. Length structure on manifolds with continuous Riemannian metrics. On a manifold 
M with smooth Riemannian metric g, the exponential map is a local diffcomorphism. This fact 
has been used in the proof of Theorem 12.21 and Theorem 13.151 to conclude that L = Ld for both, 
the class Aoo of piecewise smooth curves as well as the class A ac of absolutely continuous curves. 
On manifolds with a Riemannian metric of low regularity, more precisely below C ' , the geodesic 
equation and thus the exponential map is not available. We will see that we can make use of the 
metric space structure in such general situations. 

Definition 4.7. Let (X,d) be a metric space. For any path 7: / — > M we denote the metric 
derivative of 7 by 

fflw-a ^;^ , "I. (4.5) 

whenever the limit exists. 

This is the quantity that arises in the proof of Theorem 12.21 

Lemma 4.8. Let M be a connected manifold with continuous Riemannian metric g and letj: I — > 
M be an absolutely continuous path in M. Then the metric derivative \ j\ 0/7 exists a.e. on I. 
Moreover, it is the minimal L l (L) function in the Definition \3.17\ of C ac , i.e. if I £ L l {I) satisfies 

d(7(a),7(6)) < [ l{t)dt, a<binl, 

J a 

then I7I < I a.e. 



Proof. Lemma 14.81 holds in any metric space with absolutely continuous curves (and AC P curves, 
p € [l,oo]) as defined in Definition 13.171 A proof may be found in [2j Thm. 1.1.2]. For further 
reference, we recall the main arguments: 

Since 7 is continuous, 7(1) is compact and hence separable. Thus we may choose a dense 
sequence {x n ) n in "/(I). The functions 

<p n (t) := d(i(t), x n ), n&N,t€l 

are absolutely continuous, and therefore their derivatives ip' n exist a.e. and are integrable. Since 
countable unions of null sets are null, the function 

ip{t):= sup y n {t)\ (4.6) 

is a.e. absolutely continuous and integrable by the Lemma of Fatou. It can be shown, that, 
whenever tp and the metric derivative of 7 exist, 

¥>(*) = l7l(*), tela.e. (4.7) 
holds. □ 

Proposition 4.9. Let M be a connected manifold with continuous Riemannian metric g. Then 
there exists a sequence of smooth Riemannian metrics (g n )n such that 

(i) g n converge uniformly to g, and 

(ii) the induced distance functions d n converge uniformly to d on M . 

Proof, (i) Let p G M and K p a compact neighborhood of p. By convolution with mollificrs, we 
can locally approximate g by a sequence of smooth Riemannian metrics h^ (positive definiteness 
is an open condition, symmetry can be obtained by construction). By using the same arguments 
as in the proof of Proposition 14. II that is by considering the eigenvalues of g~ x o (all of which 
are converging to 1 uniformly on K p ) and by restricting ourselves to a subsequence of we 
may assume that 

-^-NIs ^ Nk ^ -^-Nlff. v e T i M ^ G k p- 

Since (M, d) is a metric space, M is paracompact. A partition of unity {a p } p <£M subordinate to 
the cover {mt(K p )} pG M is used to patch these local approximations of g together and obtain 
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a sequence of approximating smooth Riemannian metrics g n := J2 P eM a phn on M satisfying the 
above estimate globally, i.e. 

72 — 1 7? ~\~ 1 

-^-HHI ff < lkll ff „ < -^IHIfl. veT p M,peM. (4.8) 

(ii) Let p,q € M. By definition of d, for every e > there exist curves 7 e between p and g 
satisfying £( 7 £ ) < d(p, g) + e, and thus by (|4.8p . 

71 77 

d(p,g) +e > L( 7 £ ) > — L n (f) > — — -d n (p,g), 
n + 1 ri + l 

hence 

n + 1 

d(p,q)>d„(p,q), p,q<=M. 

n 

Similarly, for every d n we have curves 7^ satisfying L n (j^) < d n (p,q) + s, which leads to 

n — 1 

<2(p, 9) < dn(p, g), M. □ 

n 

In the proof of Theorem 12.21 it was essential to show equivalence of the derivative and the 
metric derivative of paths. The application of the exponential map was used for determining this 
equivalence, however in the low regularity setting we do not have this tool at hand. We now 
establish the same result for manifolds with continuous Riemannian metrics by combining the 
metric and analytic world. 

Proposition 4.10. Let M be a manifold with continuous Riemannian metric g. For any absolutely 
continuous path 7 € A ac , 7: I — > M, the analytic and metric derivatives coincide, i.e. 

\W{t)\\g = \M(t), tela.e. 



This is Corollary 13.81 for smooth Riemannian metrics and whenever the exponential map is a 
local diffeomorphisms. For general continuous Riemannian metrics, the (>) inequality is also easy 
to see. By Proposition 13. 71 || 7 '|| s G ^(I), and since d = d ac by Corollarv l3.131 

d(7(o),7(6))< / \W(t)hdt, a<binl. 



By Lemma 14.81 I7I is the smallest such L 1 -function. The proof for equality makes use of the 
convergence properties obtained in Proposition 14.91 



Proof. By Proposition 14.91 we can approximate g by smooth metrics g n such that d n converges to 
d uniformly on M. Moreover, by Theorcm l2.2[ the metric derivative with respect to d n exists and 
equals the norm of the analytic derivative, 

te \S\ = ll7WII 3 „. 

Therefore we may interchange the limits, and by also make use of the convergence obtained in (i) 
and (ii) of Proposition l4~9l obtain 

m) = i im iim Mi(t + s)Mt)) = lim mt) = lim h , m = h , m D 

Proposition 14.101 puts the tools out for proving the main result of this section. We show 
equality of the arc-length L and the induced length as defined in (|2.1[) and (|2.3[) . respectively, 
for absolutely continuous curves on manifolds equipped with continuous Riemannian metrics. The 
proof makes use of techniques that arise from the metric space structure (M, d) only. 

Let us define the metric arc-length L of a path 7 : / — > M by 

Z( 7 ):= / Mt)dt. 



Theorem 4.11. Let M be a manifold with continuous Riemannian metric g. Then 

£(7) = Ld{i) - £(7), 7 G Ac. 
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Proof. (Ld = L) Let 7: [0, 1] — > M be an absolutely continuous curves. Consider ip as defined in 
(|4.6[) . Together with Fatou's Lemma, equality (|4.7|) implies that 

L d (l)= [ \W)dt. (4.9) 
Jo 

holds for all absolutely continuous paths (cf. [U Thm. 4.1.6]). 

(L = L) By Proposition H3U1 |-y| = ||7'|| s for a.e. t € [0, 1]. □ 
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